Abstract. For a closed smooth manifold M admitting a symplectic structure, we define a smooth topological invariant Z(M ) using almostKähler metrics, i.e. Riemannian metrics compatible with symplectic structures. We also introduce Z(M, [[ω]]) depending on symplectic deformation equivalence class [[ω]]. We first prove that there exists a 6-dimensional smooth manifold M with more than one deformation equivalence classes with different signs of Z(M, [[ω]]). Using Z invariants, we set up a Kazdan-Warner type problem of classifying symplectic manifolds into three categories.
Introduction
In Riemannian geometry, scalar curvature encodes certain information of the differential topology of a smooth closed manifold. There has been much progress on topological conditions for the existence of a metric of positive scalar curvature, and more generally which functions on a given manifold can be the scalar curvature of a Riemannian metric.
The latter problem is known as the Kazdan-Warner problem. They proved [9] that the necessary and sufficient condition for a smooth function f on a closed manifold M of dimension ≥ 3 to be the scalar curvature of some metric is
• f is arbitrary, in case Y (M ) > 0, • f is identically zero or somewhere negative, in case Y (M ) = 0 and M admits a scalar-flat metric, • f is negative somewhere, in the remaining case, where Y (M ) denotes the Yamabe invariant of M . For the Yamabe invariant, the readers are referred to [13] .
As an extension of the Kazdan-Warner problem, it is natural to pursue a similar classification in some restricted class of Riemannian metrics.
Let M be a smooth manifold with a symplectic form ω. An almostcomplex structure J is called ω-compatible, if ω(J·, J·) = ω(·, ·), and ω(·, J·) is positive-definite. Thus a smooth ω-compatible J defines a smooth Jinvariant Riemannian metric g(·, ·) := ω(·, J·), which is called an ω-almostKähler metric. It is Kähler iff J is integrable.
Due to the lack of a Yamabe-type theorem ( [15] ) which would produce metrics of constant scalar curvature, a Kazdan-Warner type result for symplectic manifolds is left open even without any conjectures. A general existence result so far is in [10] stating that every symplectic manifold of dimension ≥ 4 admits a complete compatible almost-Kähler metric of negative scalar curvature.
In [12, 11] , we studied a symplectic version of the Kazdan-Warner problem and in particular we characterized the scalar curvature functions of some symplectic tori and nil-manifolds. Here we shall refine this version of Kazdan-Warner problem.
Let us recall that two symplectic forms ω 0 and ω 1 on M are called deformation equivalent, if there exists a diffeomorphism ψ of M such that ψ * ω 1 and ω 0 can be joined by a smooth homotopy of sympelctic forms, [17] . There are a number of smooth manifolds which admit more than one deformation equivalence classes: see [22] or references therein. For a symplectic form ω, its deformation equivalence class shall be denoted by [[ω] ]. By abuse of notation, we say that a metric g is in [[ω] ] when g is compatible with a symplectic form ω in [[ω] ]. Definition 1. Let M be a smooth closed manifold of dimension 2n ≥ 4 which admits a symplectic structure. Define
where s g is the scalar curvature of g, and define
The denominator in M sgdvolg (Volg) n−1 n was put for the invariance under a scale change ω → c · ω with c > 0, and one can get the following inequality from the formulas (2.2) and (6.15) below;
where c 1 (ω) is the first Chern class of ω. These Z numbers may take the value of ∞ and are different in nature from the Yamabe invariant which is bounded above in each dimension. Obviously Z(M ) is a smooth topological invariant of M . Although the quantity in the right hand side of (1.1) may serve usefully for many purposes, the Z value reflects almost-Kähler geometry better, so seems more relevant to our purpose. Of course, it would be very interesting to know if the equality in (1.1) always holds or not.
To 
Next, we use the method of [10, 11] With Z ready, one can see that Theorem 1.2 contributes to answering the following question; Question 1.3. Let M be a smooth closed manifold of dimension 2n ≥ 4 admitting a symplectic structure.
Is the (necessary and sufficient) condition for a smooth function f on M to be the scalar curvature of some smooth almost-Kähler metric as follows?
(a) f is arbitrary, if 0 < Z(M ) ≤ ∞, (b) f is identically zero or somewhere negative, if Z(M ) = 0 and M admits a scalar-flat almost-Kähler metric, (c) f is negative somewhere, if otherwise.
Also, is the condition for a smooth function f on M to be the scalar curvature of some smooth almost-Kähler metric in This paper is organized as follows. In section 2, some computations of Z(M ) are explained. Theorem 1.1 is proved in section 3. In section 4, Kazdan-Warner type argument in almost Kähler setting is explained. Theorem 1.2 is proved in section 5 and 6.
Some computations of Z(M )
In this section we explain some basic properties and computations of Z invariant in relatively simple cases. Proof. M KT never admits a metric of positive scalar curvature; one can use Seiberg-Witten theory, see [18] . So, Y (M KT ) ≤ 0. Thus Z(M KT ) ≤ 0 by Lemma 2.1.
We let R 4 = {(x, y, z, t)} endowed with the metric dx 2 + dy 2 + (dz − xdy) 2 + dt 2 . Then M KT with an almost-Kähler metric is obtained as the quotient of R 4 by the group generated by isometric actions, γ 1 (x, y, z, t) = (x + 1, y, y + z, t), γ 2 (x, y, z, t) = (x, y + 1, z, t),
where d is any positive constant. For any d > 0, the scalar curvature is − 
is arbitrarily close to 0. Therefore Z(M KT ) = 0. Now M KT , with Z(M KT ) = 0, never admits a scalar-flat almost-Kähler metric, because such a metric has to be a Kähler metric, which is not allowed on M KT with b 1 (M KT ) = 3. Therefore one can expect that M KT belongs to the category (c) in the classification of Question 1.3. Indeed this was already proved in [11] . Note that M KT is a nilmanifold. One may expect to find more examples of symplectic solvmanifolds with vanishing Z value and prove them to be in the category (c). Now let us give an example of Z(M ) > 0.
Lemma 2.4. For the complex projective plane CP 2 , Z(CP 2 ) = 12 √ 2π, and it is attained by a Kähler Einstein metric.
Proof. First we claim that CP 2 with the reversed orientation does not support any almost complex structure. Suppose it does. Recall that any closed almost complex 4-manifold satisfy c 2 1 = 2χ + 3τ, where χ and τ respectively denote Euler characteristic and signature. Then this formula gives c 2 1 = 3, which is impossible because of the fact that c 1 ∈ H 2 (CP 2 ; Z). 
for any ω-almost-Kähler metric g on CP 2 . In the above inequality, we used a relation between s and the star-scalar curvature
In fact the Fubini-Study metric with ω F S saturates this upper bound, so we finally get
Remark 2.5. In the above we only treated a few simple examples. However, we expect that Z invariant is fairly computable under some symplectic surgeries. For instance, one can see that Z(T 4 ) = 0, whereT 4 is the blowup at one point of the Kähler 4-torus. In fact, one only needs to check that LeBrun's argument in the proof of theorem 3 of [14] still works in almost Kähler context. This gives Z(T 4 ) ≥ 0. Together with Seiberg-Witten theory one gets Z(T 4 ) = 0. A similar argument, albeit in Kähler case, may be found in [23] .
Symplectic deformation classes on a manifold with distinct signs of Z(·, [[ω]])
In this section we shall prove Theorem 1.1. We use one of the examples in [21] . Let W be a complex Barlow surface, which is a minimal complex surface of general type homeomorphic, but not diffeomorphic, to R 8 , the blown-up complex surface at 8 points in general position in the complex projective plane. By a small deformation of complex structure we may assume that W has ample canonical line bundle [5] . Then by Yau's solution of Calabi conjecture, W and R 8 admit a Kähler Einstein metric of negative (and positive, respectively) scalar curvature. Ruan showed that for a compact Riemann surface Σ, R 8 × Σ and W × Σ are diffeomorphic but their natural symplectic structures are not deformation equivalent.
We prove; 
We have the orientation of W induced by the complex structure and the
Now a compact Riemann surface Σ of genus 2 has its fundamental class
We consider a Kähler form ω h with constant negative scalar curvature such that
where π i are the projection of M onto the i-th factor. Then,
Consider any smooth path of symplectic forms ω t , 0 ≤ t ≤ δ, on M such that ω 0 = ω W + ω h . We may write
for some smooth functions n i (t), l(t), i = 0, · · · , 8. As they are connected, their first Chern class c 1 (ω t ) = c 1 (M ). We have;
. From above, we know that n 0 (0) = −3 < 0. As n 2 0 (t) > 0, we get n 0 (t) < 0.
Since
For a, b < 0 and
B and x = l(t) 1/3 , this gives
and from (3.5)
. By calculus, As the expression
As the equality is attained by a Kähler Einstein metric,
The next corollary yields Theorem 1.1. 
Kazdan-Warner method adapted to almost Kähler metrics
Our method to prove Theorem 1.2 is an adaptation of ordinary scalar curvature theory to an almost-Kähler setting, and recall and modify the material explained in [12, 11] .
Let M denote the space of Riemannian metrics on a given smooth manifold M of real dimension 2n, and we regard M as the completion of smooth metrics with respect to L p 2 -norm for p > 2n. Given a symplectic form ω on M , let Ω ω be the subspace of ω-almost-Kähler metrics on M . The space Ω ω is a smooth Banach manifold with the above norm, and its tangent space T g Ω ω at g := ω(·, J·) consists of symmetric (0, 2) tensors h which are J-antiinvariant, i.e.
The space Ω ω admits a natural parametrization by the exponential map; for g ∈ Ω ω , define E g :
where X, Y ∈ T M , andĥ is the (1, 1)-tensor field lifted from h with respect to g. Clearly we have d{g · e th } dt | t=0 = h.
Given g ∈ Ω ω with corresponding J, any other metricg in Ω ω can be expressed as
where h is a J-anti-invariant symmetric (0, 2)-tensor field uniquely determined.
For the scalar curvature functional
where r g is the Ricci curvature of g, and its formal adjoint is given by
The followings are key facts for the Kazdan-Warner type problem in the almost-Kähler setting.
Lemma 4.1. [12], [11, Lemma 1]
If D g S ω is surjective for a smooth g ∈ Ω ω , then S ω is locally surjective at g, i.e. there exists an ǫ > 0 such that for any
Recall that a diffeomorphism φ is said to be isotopic to the identity map if there is a homotopy of diffeomorphisms φ t , 0 ≤ t ≤ 1, such that φ 0 = id and φ 1 = φ. The following lemma was proved in [8, Theorem 2.1] without the isotopy clause. Here we add a few arguments in their argument to verify the isotopy part. Proof. Let ε > 0 be given. As C 0 (M ) is dense in L p (M ), we may assume f 1 ∈ C 0 (M ). We triangulate M into n-simplexes ∆ i so that M = ∪∆ i and that max x,y∈∆ i |f 1 
There exist disjoint open balls V i ⊂ M such that |f (y) − f 1 (b i )| < δ for y ∈ V i and for each i. One chooses a neighborhood Ω of the (n − 1)-skeleton
For each i, let U i be a small ball neighborhood of b i , disjoint from Ω, and choose open sets O 1 and O 2 , so that
There is a homotopy of diffeomorphisms φ t , 0 ≤ t ≤ 1, such that φ 0 = id and φ 1 (U i ) ⊂ V i , for each i. And there is a homotopy of diffeomorphisms ψ t , 0 ≤ t ≤ 1, with ψ 0 = id such that ψ 1 satisfies ψ 1 |M − O 2 = id and that
This proves if part, and only if part should be clear.
Proposition 4.3.
If D g S ω is surjective for a smooth g ∈ Ω ω , then any smooth function f with inf f ≤ S ω (g) ≤ sup f is the scalar curvature of a smooth almost-Kähler metric compatible with φ * ω for a diffeomorphism φ of M isotopic to the identity.
Proof. By the above two lemmas, there exists a diffeomorphismφ isotopic to the identity such that f •φ = S ω (g) for a smooth ω-almost-Kähler metric
Lemma 4.4. The principal part of the fourth-order linear partial differential
Proof. Let e 1 , Je 1 , · · · , e n , Je n be a local orthonormal frame satisfying Je 2i−1 = e 2i for i = 1, · · · , n. The fourth order differentiation only occurs at δ g δ g (∇dψ) − .
A direct computation shows that
e i (e j (∇dψ(e i , e j ) − ∇dψ(J(e i ), J(e j )))) + l.o.t.
{e i (e j (e i (e j ψ))) − e i (e j (Je i (Je j ψ)))} + l.o.t.
(e 2i−1 e 2i − e 2i e 2i−1 )(
, where l.o.t denotes the terms of differentiations up to the 3rd order and ∆ is the Euclidean Laplacian.
Almost-Kähler Surgery and deformation
Here we consider a left-invariant almost-Kähler metric on the 4-dimensional Kodaira-Thurston nil-manifold [1] . The metric can be written on R 4 = {(x, y, z, t)|x, y, z, t ∈ R} as
and the left-invariant symplectic form is ω KT = dt∧dx+dy ∧dz. The almost complex structure J is then given by J(e 4 ) = e 1 , J(e 1 ) = −e 4 , J(e 2 ) = e 3 , J(e 3 ) = −e 2 , where
∂z , e 4 = ∂ ∂t which form an orthonormal frame for the metric. Now we consider a metric g n on the product manifold R 4 × R 2n−4 , n ≥ 2 defined by g n = g KT + g Euc , where g Euc is the Euclidean metric on R 2n−4 . This manifold has the symplectic formω = ω KT + ω 0 , where ω 0 is the standard symplectic structure on R 2n−4 and g n isω-almost-Kähler .
Given any symplectic manifold (M, ω) with an almost-Kähler metric g and the corresponding almost complex structure J g , we pick a point p. There exists a Darboux coordinate neighborhood (U, x i ) of p with x(p) = 0 so that ω = n i=1 dx 2i−1 ∧ dx 2i . Assume that U contains a ball B g δ (p) of g-radius δ with center at p. By considering the (coordinates-rearranging) local diffeomorphism φ(x 1 , · · · , x 2n ) = (x 2 , x 3 , x 4 , x 1 , x 5 · · · , x 2n ), φ : U → R 4 × R 2n−4 , i.e. identifying x 2 = x, x 3 = y, x 4 = z, x 1 = t · · · , we can get the pulled-back metric of g n via φ, which we still denote by g n . Note that φ * ω = ω. We may express g n = g · e h on U for a unique smooth symmetric J g -anti-invariant tensor h from (4.6), because g and g n are both ω-almostkähler. Let η(r) be a smooth cutoff function in C ∞ (R >0
where r g is the distance function of g from p.
In [10] , using a Lohkamp type argument [16] adapted to symplectic manifolds, the first author proved on any closed symplectic manifold of dimension≥ 4 the existence of an almost-Kähler metric of negative scalar curvature which equals a prescribed negative scalar-curved metric on an open subset; Proposition 5.1. [10, Theorem 3] Let S be a closed subset in a smooth closed symplectic manifold (M, ω) of dimension 2n ≥ 4, and U ⊃ S be an open neigborhood. Then for any smooth ω-almost-Kähler metric g 0 on U with s(g 0 ) < 0, there exists a smooth ω-almost-Kähler metric g on M such that g = g 0 on S and s(g) < 0 on M .
We now apply proposition 5.1 to the metric h of (5.7) with U = B Then by Proposition 4.3, cf is the scalar curvature of an almost-Kähler metric G compatible with φ * ω for some diffeomorphism φ of M isotopic to the identity, and hence f is the scalar curvature of the almost-Kähler metric c · G compatible with cφ * ω. Theorem 1.2 follows from the above theorem 6.1, since cφ * ω is deformation equivalent to ω for any constant c > 0.
Lemma 6.2. For the metric g constructed in Corollary 5.2, the kernel of
Proof. We look into the computations in [11, Section 4] , where any global solution on Kodaira-Thurston compact manifold was shown to be zero, whereas we shall now improve to show any local solution on it is zero.
Let's first compute the curvature of g on B ǫ . Since it is the product of the Kodaira-Thurston metric and the Euclidean metric, we will only list components for i = 1, · · · , 4. (Recall the frame e 1 , e 2 , e 3 , e 4 in Section 5.) From the formula
one can compute ∇ e 1 e 2 = −∇ e 2 e 1 = 1 2 e 3 , ∇ e 1 e 3 = ∇ e 3 e 1 = − 1 2 e 2 , ∇ e 2 e 3 = ∇ e 3 e 2 = 1 2 e 1 , ∇ e i e i = ∇ e 4 e i = ∇ e i e 4 = 0.
Thus letting
we have
and the Cartan structure equation gives
Denoting the sectional curvature of the plane spanned by e i and e j by K ij , we have
for any i. Then the Ricci tensor (r ij ) is given by
Denoting (∇dψ)(e i , e j ) = e i (e j ψ) − (∇ e i e j )ψ for ψ ∈ C ∞ (B ǫ ) by ∇dψ ij , one can easily get
We list only ∇dψ ij for i, j = 1, · · · , 4, because that's enough for our purpose. Also denoting (∇dψ) − (e i , e j ) = 1 2 (∇dψ(e i , e j ) − ∇dψ(Je i , Je j )) simply by ∇ − dψ ij , one can get
(6.8)
Then from the above, we get the following 6 equations of ψ on B ǫ :
In order to deduce ψ = 0 on B ǫ out of these 6 equations, let's write the local coordinate (x, y, z, t, x 5 , · · · , x 2n ) on B ǫ as (x, y, z, t) × w so that w = (x 5 , · · · , x 2n ). We will first show ψ t = 0 and then ψ x = 0, which together imply ψ = 0 by (6.9).
From (6.14), ψ(x, y, z, t, w) can be written as a(x, y, z, w) + b(y, z, t, w). Substituting it into (6.9) gives
Then the LHS of a xx +
b is a function of x, y, z, w, whereas its RHS is a function of y, z, t, w. Thus both sides are functions of y,z, and w only. Differentiating the RHS with respect to t gives
Solving this ODE, we get Remark 6.3. In our argument, a particular metric g KT on Kodaira-Thurston manifold is used, as it guarantees the surjectivity of the derivative of scalar curvature map at the constructed metric. One may guess, reasonably, that a generic almost Kähler metric satisfies this surjectivity, as in the Riemannian case [4, 4.37] . However, the equation (6.8) is not readily understood. For this matter, the article [6, Theorem 7.4] on local deformation of scalar curvature is interesting; generic (local) surjectivity of scalar curvature was shown by some method. In that argument a crucial part was the existence of one real analytic metric without local KIDs, i.e. with (locally) surjective derivative of scalar curvature functional.
Here we did not try to prove such generic surjectivity. Rather we bypassed it; we found one almost Kähler metric without local KIDs, and then we imbedded it onto any symplectic manifold, obtaining a no-global-KID metric. We hope to address this generic surjectivity issue in near future. [2] rather than the usual scalar curvature, where s * is the star scalar curvature. However, although the Hermitian scalar curvature is natural in almost Kähler geometry, KazdanWarner theory goes better with usual one. To see this, recall the Blair's formula [7] for g ∈ Ω ω :
Since c 1 of any symplectic structure on the 4-d torus is zero by Taubes' result [24] , no negative function can be the Hermitian scalar curvature of an almost Kähler metric on 4-d torus.
